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kernel in the region near the cosmological horizon. We develop a quasi-local ex-
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sions for the noise kernel for the conformally invariant scalar field in Schwarzschild
spacetime which are given in [19].
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2I. INTRODUCTION
While studies of quantum field theory in curved space [1] have yielded fundamental results
such as black hole evaporation [2], and semiclassical gravity provided the framework for
inflationary cosmology [3] and understanding the origin of structures in the early universe [4],
the necessity of including the effects of fluctuations and correlations of the stress-energy
tensor for quantized fields is becoming increasingly noteworthy. These aspects enter in
an essential way in establishing the criteria for the validity of semiclassical gravity [5, 6].
They also play an important role in cosmology, due to anticipated new data from planned
precision cosmological observation experiments, and in the study of quantum effects in black
hole spacetimes. To date, investigations with emphasis on these aspects have been made of
both density perturbations during inflation [7–10] and fluctuations of quantum matter fields
near a black hole and their backreaction [11] on the evolution of black holes which may shed
some light on the end-state of black hole evaporation.
A consistent theory which captures the matter field fluctuations and the induced metric
fluctuations is stochastic gravity [12, 13]. While semiclassical gravity is based on the semi-
classical Einstein equation which has as its source the vacuum expectation values of the stress
energy tensor of quantum fields, stochastic gravity has at its heart the Einstein-Langevin
equation from which one can study the features and dynamics of induced metric fluctuations
(sometimes called ‘spacetime foam’). This equation is driven by the symmetrized two-point
function of the stress-energy tensor of the quantum fields, called the noise kernel.
For the past decade, much of the focus of stochastic gravity has been on the calculation
of the noise kernel for free scalar fields in various spacetimes. Beginning with the derivation
of a general expression for the noise kernel in arbitrary spacetimes in terms of products of
derivatives of the Wightman function [14–16], computations of the noise kernel have been
made in Minkowski [11, 17–20], de Sitter [21, 22], anti-de Sitter [23], and Schwarzschild [19,
24] spacetimes.
de Sitter space, in particular, is at the center of attention for cosmological applications due
to the potential for observations related to quantum processes in the inflationary universe.
Investigations into fluctuations of the stress-energy tensors for quantized fields have been
used to place constraints on the duration of inflation [9] by considering their effects upon
the expansion of a congruence of timelike geodesics. Additionally, such fluctuations have
3been found to generate non-scale invariant and non-Gaussian corrections to calculations of
primordial density perturbations [10] whose signature is potentially observable in the cosmic
microwave background radiation [25].
de Sitter space can also aid in the study of quantum fluctuations in black hole spacetimes.
In general the black hole backreaction and fluctuations problem [26] entails studying the
effects upon the evolution of a black hole of both the emitted Hawking radiation and the
metric fluctuations driven by the fluctuations of the quantum field. A program for such
investigation, outlined by Sinha, Raval and Hu [27], is the stochastic gravity upgrade (via the
Einstein-Langevin equation) of investigations carried out for the mean field in semiclassical
gravity (through the semiclassical Einstein equation) by York [28, 29] and by York and
his collaborators [30]. However, what stalls the progress in this program is that the radial
function of the Schwarzschild metric is only accessible numerically (not to mention the
solution to the semiclassical Einstein equation, which is the correct background solution to
use in the solution of the Einstein-Langevin equation). An expression for the noise kernel in
the near horizon region is needed for proper treatment of the backreaction and fluctuations
problem. This leads one to inquire whether some well-known approximation scheme can be
applied.
In a recent paper [19], an approximate expression for the noise kernel for the conformally
invariant scalar field in Schwarzschild spacetime was derived using a quasi-local expansion.
Although we intuitively expect this approximation to be valid for separations of the points
on the order of the mass scale in the region near the horizon, it is not known if the approx-
imation remains valid when either of the points is at the horizon. In addition, without an
exact expression with which to compare, it is difficult to ascertain the exact range of point
separations for which the approximation remains valid. In light of these difficulties, we would
like to find an alternative way to investigate the behavior of quantum fluctuations near a
horizon and to test the validity of the quasi-local approximation used there. Fortunately, de
Sitter space offers us a way to accomplish both of these tasks.
In the usual static coordinates, de Sitter space has a metric structure near the cosmo-
logical horizon that is mathematically of the same form as that of Schwarzschild spacetime.
Thus, it is expected that the noise kernel, when evaluated in the static coordinates in the
region near the cosmological horizon, will have the same type of behavior as the noise kernel
near the event horizon in Schwarzschild spacetime. Because the Wightman function for de
4Sitter space is known, it is possible to obtain an exact, closed form expression for the noise
kernel.
To compute the noise kernel in de Sitter space for the conformally invariant scalar field,
we first compute an explicit expression for the noise kernel in the Minkowski vacuum state in
terms of the coordinate separation. This expression, together with the rule for the conformal
transformation of the noise kernel for this field derived in Ref. [19], provides us with a
convenient means to compute exact expressions for the noise kernel of the conformal vacuum
state for a large class of conformally flat spacetimes - those with metrics that are conformal
to the full Minkowski space (or at least enough of it to contain a Cauchy surface).1
We specialize this result to de Sitter spacetime in spatially flat Robertson-Walker coor-
dinates and then make a coordinate transformation to the usual static coordinate system.
Note that this ensures that the vacuum state is the correct one. Alternatively one could
make a direct conformal transformation from flat space to de Sitter space in the static co-
ordinates using the Rindler vacuum state; both methods result in identical expressions for
the noise kernel in the static coordinates. The resulting expression for the noise kernel is
used to investigate its behavior in the region near the cosmological horizon. This behavior
is expected to be similar to that which would be found for the exact noise kernel for the
conformally invariant scalar field in a static black hole spacetime near the event horizon if
the field is in the Hartle-Hawking state [32].
In addition, we investigate the likely range of validity of the quasi-local expansion of the
noise kernel for Schwarzschild spacetime given in [19]. This is accomplished by computing a
similar expansion for the noise kernel in static de Sitter space in terms of inverse powers of
the coordinate separation and truncating the series at the same order that was done in [19]
for Schwarzschild spacetime. We compute the relative error between the exact expression
and the truncated series when the coordinates are split in the time and radial directions,
1 For other conformally flat metrics a different vacuum state is appropriate. For example, de Sitter space
in either the comoving or the closed coordinates is conformal to Minkowski space (with t > 0 for the
comoving coordinates), and the conformal vacuum is the Minkowski vacuum specified by some constant
time Cauchy surface. In contrast, in the usual static coordinates de Sitter space is conformal to Rindler
space, and it is therefore the Rindler vacuum which is the preferred conformal vacuum state [1]. Anti-de
Sitter space, in contrast, is conformal to Minkowski space with a timelike boundary (for instance, at
x = 0). Since all Cauchy surfaces cross the boundary the choice of conformal vacuum must respect the
appropriate boundary conditions [31].
5and investigate the range of separations for which that error remains small.
In Sec. II, we present the results of our computation of the noise kernel for conformally flat
spacetimes by giving an exact expression for an arbitrary separation of the points (including
the delta-function contributions present for null separations). In Sec. III, we compare the
exact result presented in Sec. II for the cases of de Sitter and anti-de Sitter spacetimes with
the expressions computed by Osborn and Shore [33] and Cho and Hu [23] for the stress energy
two-point function for the conformally invariant field. In Sec. IV, we show the corresponding
expression for two components of the noise kernel in the static de Sitter coordinates when
the points are separated in a timelike or spacelike direction. We investigate the behavior of
the noise kernel as one or both of the points approaches the cosmological horizon. We also
expand the noise kernel in inverse powers of the coordinate separation and investigate the
range of validity of this expansion. The results of these calculations are discussed in Sec. V.
The conventions used throughout are those of Misner, Thorne, and Wheeler [34]. Units
are chosen such that c = ~ = G = 1.
II. THE NOISE KERNEL IN CONFORMALLY FLAT SPACETIMES
The noise kernel for a quantum scalar field in a Gaussian state can be expressed in terms
of the Wightman function [16, 19]. For the conformally invariant scalar field, this expression
is
Nabc′d′ = Re
{
K¯abc′d′ + gabK¯c′d′ + gc′d′K¯
′
ab + gabgc′d′K¯
}
(2.1)
with2
9K¯abc′d′ = 4 (G;c′bG;d′a +G;c′aG;d′b) +G;c′d′ G;ab +GG;abc′d′
−2 (G;bG;c′ad′ +G;aG;c′bd′ +G;d′ G;abc′ +G;c′ G;abd′)
+2 (G;aG;bRc′d′ +G;c′ G;d′ Rab)
− (G;abRc′d′ +G;c′d′ Rab)G+ 1
2
Rc′d′ RabG
2 (2.2a)
36K¯ ′ab = 8
(
−G;p′bG;p′a +G;bG;p′ap′ +G;aG;p′bp′
)
4
(
G;
p′ G;abp′ −G;p′p′ G;ab −GG;abp′p′
)
2 Note that the superscript + on G+ has been omitted for notational simplicity.
6−2R′ (2G;aG;b −GG;ab)
−2
(
G;p′ G;
p′ − 2GG;p′p′
)
Rab −R′RabG2 (2.2b)
36K¯ = 2G;p′q G;
p′q + 4
(
G;p′
p′ G;q
q +GG;p
p
q′
q′
)
−4
(
G;pG;q′
pq′ +G;
p′ G;q
q
p′
)
+RG;p′ G;
p′ +R′G;pG;p
−2
(
RG;p′
p′ +R′G;pp
)
G+
1
2
RR′G2 . (2.2c)
Primes on indices denote tensor indices at the point x′ and unprimed ones denote indices at
the point x. Rab and Rc′ d′ are the Ricci tensor evaluated at the points x and x
′, respectively;
R and R′ are the scalar curvature evaluated at x and x′.
As shown in [19], under a conformal transformation of the metric,
g˜ab(x) = Ω(x)
2gab(x) , (2.3)
the noise kernel for a conformally invariant scalar field transforms as
N˜abc′d′(x, x
′) = Ω(x)−2Nabc′d′(x, x′)Ω(x′)−2 . (2.4)
Using this result in conjunction with Eq. (2.2) evaluated for the Minkowski vacuum state,
we have computed an exact expression for the noise kernel for the conformally invariant
scalar field in the conformal vacuum state of a large class of conformally flat spacetimes.
As previously noted, these results are useful for those metrics that are conformal to the full
Minkowski metric (or at least a part of it that contains a Cauchy surface).
The Wightman function in flat space in the Minkowski vacuum is
G+(x, x′) =
1
8pi2σ(x, x′)
+
i
8pi
δ(σ(x, x′))sgn(t− t′) , (2.5)
with
σ(x, x′) =
1
2
[
−(x0 − x0 ′)2 + (~x− ~x ′)2
]
. (2.6)
In general σ satisfies the relationship
σ =
1
2
gabσ
aσb =
1
2
ga′b′σ
a ′σb
′
, (2.7)
with
σa ≡ σ;a ,
σa
′ ≡ σ;a′ . (2.8)
7Here primes on indices indicate that the indices are at the point x′. If the points are close
together then
σa = xa − x′ a ,
σa
′
= −(xa − x′ a) (2.9)
and of course in general
σa = gabσ
b
σa′ = ga′ b′σ
b ′ . (2.10)
The expression for the noise kernel for the conformally invariant scalar field in the con-
formal vacuum state is
Nabc′d′(x, x
′) = Ω(x)−2Ω(x′)−2
[
σaσbσc′σd′
48pi4σ6
+
σ(aηb)(c′σd′)
24pi4σ5
+
4ηa(c′ηd′)b − ηabηc′d′
192pi4σ4
−σaσbσc′σd′
576pi2
(
9′′(σ)2 − 8′(σ)′′′(σ) + (σ)′′′′(σ))
+
σaσbηc′d′ + ηabσc′σd′
576pi2
(5′(σ)′′(σ)− (σ)′′′(σ))
+
σ(aηb)(c′σd′)
144pi2
(σ)′′′(σ)
−ηa(c′ηd′)b
288pi2
(
4′(σ)2 + (σ)′′(σ)
)
+
ηabηc′d′
576pi2
(
′(σ)2 − (σ)′′(σ))] . (2.11)
Here (...) indicates symmetrization of the indices, ηab is the Minkowski metric, ηac′ =
diag(−1, 1, 1, 1) is the bivector of parallel transport in Minkowski space for Cartesian coor-
dinates, and (σ) ≡ δ(σ)sgn(t− t′), ′(σ) ≡ dδ(σ)/dσ sgn(t− t′), etc.
This result agrees with previous computations of the noise kernel in the Minkowski vac-
uum state [11, 18, 19] and (as we show in more detail below) with results by Osborn and
Shore [33] and Cho and Hu [23] for the noise kernel in dS and AdS spacetimes.
As would be expected for a quantity made out of Green functions, the noise kernel is
finite when the points are split in a timelike or spacelike direction but it is divergent when
they are split in a null direction. However, unlike the Wightman Green function in (2.5),
this singularity is not integrable because one always finds a product of two identical delta
functions. The exact meaning of this divergence is under investigation.
8III. THE NOISE KERNEL FOR MAXIMALLY SYMMETRIC SPACETIMES.
In maximally symmetric spacetimes such as Minkowski space, de Sitter space or anti-de
Sitter space, bitensors like the noise kernel can be alternatively expressed in terms of the
geodesic separation biscalar, τ(x, x′), which in Minkowski space is given by
τ(x, x′) ≡
√
2σ =
√
−(x0 − x0 ′)2 + (~x− ~x ′)2 , (3.1)
its derivatives na ≡ ∇aτ(x, x′) and nc′ ≡ ∇c′τ(x, x′), and the bivector of parallel transport
gac′(x, x
′) [35]. Due to the symmetries involved there are five such terms in the expression
for the noise kernel,
Nabc′d′(x, x
′) = C1nanbnc′nd′ + C2(gabnc′nd′ + nanbgc′d′)
+4C3n(agb)(c′nd′) + 2C4ga(c′gd′)b + C5gabgc′d′ (3.2)
where the coefficients C1 through C5 are functions only of the geodesic separation τ(x, x
′).
Using this representation, Osborn and Shore [33] computed the coefficients of the stress-
energy bi-tensor for free scalar fields in Euclidean spacetimes of constant curvature. Cho
and Hu [23] have also computed them for scalar fields with arbitrary mass and coupling in
Euclideanized anti-de Sitter space. Against these exact results, for the purpose of checking
the range of validity of short distance approximations, we use Eq. (2.11) to compute these
coefficients which gives exact results for the Minkowski vacuum, and approximate results up
to order O(τ−4) for de Sitter and anti-de Sitter space in the conformal vacuum state.
For the Minkowski vacuum, ignoring the delta function component, the coefficients may
be read off directly from Eq. (2.11). We find that
C1 =
4
3pi4τ 8
C2 = 0
C3 =
1
3pi4τ 8
C4 =
1
6pi4τ 8
C5 = − 1
12pi4τ 8
. (3.3)
In de Sitter space we have computed the first two terms in an expansion which is valid
9when the points are close together. The result is
C1 =
4
3pi4τ 8
− 4
9pi4α2τ 6
+O(τ−4)
C2 = 0
C3 =
1
3pi4τ 8
− 1
9pi4α2τ 6
+O(τ−4)
C4 =
1
6pi4τ 8
− 1
18pi4α2τ 6
+O(τ−4)
C5 = − 1
12pi4τ 8
+
1
36pi4α2τ 6
+O(τ−4) . (3.4)
In the case of anti-de Sitter space, the computation proceeds slightly differently, due to
the need to specify boundary conditions at infinity and the fact that anti-de Sitter space
is conformally related to only half of Minkowski space [31]. Choosing Dirichlet boundary
conditions, the appropriate vacuum Wightman function for Minkowski spacetime with a
boundary located at x = 0 (and with points non-null separated) is given by
G+(x, x′) =
1
8pi2σ
− 1
8pi2σ¯
, (3.5)
where σ¯ = 1
2
[−(t− t′)2 + (x+ x′)2 + (y − y′)2 + (z − z′)2].
Plugging this expression into Eq. (2.2) and following the same procedure used for the de
Sitter result, we again find for each coefficient the first two terms in an expansion which is
valid when the points are close together. The result is
C1 =
4
3pi4τ 8
− 10
9pi4α2τ 6
+O(τ−4)
C2 =
1
12pi4α2τ 6
+O(τ−4)
C3 =
1
3pi4τ 8
− 7
36pi4α2τ 6
+O(τ−4)
C4 =
1
6pi4τ 8
− 5
72pi4α2τ 6
+O(τ−4)
C5 = − 1
12pi4τ 8
+
1
72pi4α2τ 6
+O(τ−4) . (3.6)
When analytically continued to the Euclidean sector, these expressions for de Sitter and
anti-de Sitter agree with those computed by Osborn and Shore [33] and Cho and Hu [23] for
the vacuum two-point function of the stress tensor in 4-D spherical and hyperbolic Euclidean
spacetimes.
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IV. THE NOISE KERNEL IN DE SITTER SPACE
The noise kernel for the conformally invariant field in the conformal vacuum in de Sitter
space can be obtained from Eq. (2.11) with the substitutions
t → −η
t′ → −η′
Ω(x) =
α
(−η)
Ω(x′) =
α
(−η′) , (4.1)
where we have represented de Sitter space in terms of the comoving coordinates with metric
ds2 =
α2
(−η)2 (−dη
2 + dx2 + dy2 + dz2) . (4.2)
However, we are primarily interested in investigating the noise kernel in the static coor-
dinates, for which the metric has a form similar to that of Schwarzschild spacetime. The
coordinate transformation to this system is
x ≡ e
−T/α
√
B
ρ sin θ cosφ ,
y ≡ e
−T/α
√
B
ρ sin θ sinφ ,
z ≡ e
−T/α
√
B
ρ cos θ ,
−η ≡ αe
−T/α
√
B
, (4.3)
and the resulting line element is
ds2 = −BdT 2 + dρ
2
B
+ ρ2dθ2 + ρ2 sin2 θdφ2 , (4.4)
withB = 1− ρ2
α2
. For an observer situated at the origin, B = 0 is a cosmological horizon which
marks the boundary of his observable universe. It is this coordinate system which interests
us the most, since it provides an opportunity to study the noise kernel near the horizon
and compare its behavior with that found for the approximate noise kernel in Schwarzschild
spacetime.
From the definitions given in Eq. (4.3), we transform Eq. (2.11) to the static coordinates
using the relation
Nabc′d′(x, x
′) =
∂xA
∂xa
∂xB
∂xb
∂xC
′
∂xc′
∂xD
′
∂xd′
NABC′D′(x, x
′) , (4.5)
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where we have used capital letters to represent indicies of the comoving coordinates and
lowercase to represent indicies of the static coordinates.
To avoid coordinate singularities, we express the noise kernel in terms of an orthonormal
frame at each of the two points. We do this by introducing orthonormal basis vectors at
each point which satisfy
(eaˆ)
c(ebˆ)c = ηaˆbˆ , (4.6)
(eaˆ)c(eaˆ)d = gcd . (4.7)
Here ηaˆbˆ is the Minkowski metric. The components of a vector may be written in the
orthonormal basis as
Aaˆ = (eaˆ)
aAa . (4.8)
Similarly, the noise kernel in this basis is
Naˆbˆcˆ′dˆ′(x, x
′) = (eaˆ)a(ebˆ)
b(ecˆ′)
c′(edˆ′)
d′Nabc′d′(x, x
′) . (4.9)
For the static de Sitter coordinates, we choose basis vectors such that
(eTˆ )
T =
√
−gTT
(eρˆ)
ρ =
√
gρρ
(eθˆ)
θ =
√
gθθ
(eφˆ)
φ =
√
gφφ . (4.10)
All other components are zero.
In general, the expressions resulting from this procedure are quite long. Although we
have computed every component for the noise kernel in the static coordinates, for the sake
of brevity we present only two of them:
NTˆ Tˆ Tˆ ′Tˆ ′(x, x
′) = (BB′)−1NTTT ′T ′(x, x′)
=
1
12pi4
[
α2
(√
BB′ τ − 2
)
+ 2ρρ′ cos(γ)
]6
×
{
α4
[
−12
√
BB′ τ +BB′
(
τ 2 + 14
)
− (2B + 2B′ − 6) (τ 2 − 1)]
+4α2ρρ′ cos(γ)
(
3
√
BB′ τ − 2 (τ 2 − 1))
+2ρ2ρ′ 2
(
τ 2 − 1) cos(2γ)} (4.11a)
12
NTˆ ρˆTˆ ′ρˆ′(x, x
′) = NTρT ′ρ′(x, x′)
=
α2
6pi4
[
α2
(√
BB′ τ − 2
)
+ 2ρρ′ cos(γ)
]6
×
{
α2 cos(γ)
[
−4
√
BB′ τ +BB′
(
τ 2 + 4
)
− (2B − 2B′ + 2) (τ 2 − 2)]
+ρρ′(cos(2γ) + 3)
(√
BB′ τ − τ 2 + 2
)}
, (4.11b)
where
τ ≡ 2 cosh(∆T/α) , (4.11c)
cos γ ≡ cos θ cos θ ′ + sin θ sin θ ′ cos(φ− φ′) , (4.11d)
and B′ = 1 − ρ′ 2/α2. Note that we have neglected the delta function contributions in
the above expressions. This is due to the fact that the initial computations of the delta
function contributions each contained approximately 2700 terms and we have not yet found
a means by which to simplify the expressions into displayable forms. The expression shown
in Eq. (4.11) is valid only for non-null separations of the points.
A. Behavior near the horizon
When either of the two points approaches the cosmological horizon, we see that ρ → α
and B → 0 (or ρ′ → α and B′ → 0, respectively). However, note that at the horizon T
is a null coordinate and is infinite. Therefore, ∆T is an ill-defined quantity when one or
both points are on the horizon. Nonetheless, if we fix the value of ∆T , then inspection
of Eq. (4.11) shows that both of the components displayed therein remain bounded when
either point is arbitrarily close to the horizon, so long as the points are spacelike or timelike
separated.3
3 We find this behavior to be true for all components of the noise kernel when expressed in the orthonormal
frame.
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For example, if we take ρ′ to be arbitrarily close to the horizon, then
NTˆ Tˆ Tˆ ′Tˆ ′(x, x
′) ≈ − τ
2 − 1
384pi4α4(α− ρ cos(γ))6
× [α2(B − 3) + 4αρ cos(γ)− ρ2 cos(2γ)] (4.12a)
NTˆ ρˆTˆ ′ρˆ′(x, x
′) ≈ − τ
2 − 2
384pi4α3(α− ρ cos(γ))6
× [(2B − 4)α cos(γ) + ρ(cos(2γ) + 3)] . (4.12b)
When ρ = ρ′ and both points are near the horizon, we have
NTˆ Tˆ Tˆ ′Tˆ ′(x, x
′) ≈ τ
2 − 1
3072pi4α8
csc8
(γ
2
)
. (4.13a)
and
NTˆ ρˆTˆ ′ρˆ′ ≈ −
τ 2 − 2
3072pi4α8
csc8
(γ
2
)
. (4.13b)
Therefore, the noise kernel is bounded when either or both of the points are near the horizon
so long as the separation in the T coordinate is fixed and either γ 6= 0, ρ 6= ρ′, or both.
For γ = 0 and ρ = ρ′, the above expression is not bounded as the two points approach the
horizon. This is expected since, on the cosmological horizon, T is a null coordinate and ∆T
is ill-defined.
B. Comparison with Schwarzschild spacetime
In [19], an approximate expression for the noise kernel was computed for the conformally
invariant scalar field in Schwarzschild spacetime. Explicit expressions were given for the
N t t
′
t t′ component of noise kernel in the case that the separation was only in time or only in
terms of the radial coordinate r.
As discussed in Sec. I, we are interested in comparing the noise kernel obtained for
Schwarzschild spacetime with that obtained for de Sitter space in the static coordinates. We
do this by generating an expansion for the noise kernel in the static de Sitter coordinates
that is equivalent to the quasi-local expansion used for the Schwarzschild case. In principle,
the proper way to do this is to use a quasi-local expansion for the Wightman function in the
static de Sitter coordinates and recompute the noise kernel using that expression. However,
since we are primarily interested in comparing our results with Eqs. (4.16) and (4.17) of [19],
14
we can generate equivalent approximations by expanding Eq. (4.11a) in powers of 1/∆T ,
1/∆ρ, and η ≡ cos γ − 1 and truncating the series at the appropriate order.
For our investigation, we consider the NTˆ Tˆ Tˆ ′Tˆ ′ component and begin by splitting in the
time and radial directions. The result is
[NTˆ Tˆ Tˆ ′Tˆ ′ ]∆ρ=γ=0 =
1
4pi4α8B4(τ − 2)4 , (4.14a)
[NTˆ Tˆ Tˆ ′Tˆ ′ ]∆T=γ=0 = −
B +B′ − 2BB′ + 2(√BB′ − 1)B˜
64pi4α8(
√
BB′ − B˜)6 . (4.14b)
Here, B˜ ≡ 1− ρρ′/α2.
Expanding the NTˆ Tˆ Tˆ ′Tˆ ′ component in powers of 1/∆T and 1/∆ρ and truncating the series
at order O[(x− x′)−4], we find
[NTˆ Tˆ Tˆ ′Tˆ ′(x, x
′)]series =
1
4pi4B4
[
1
∆T 8
− 1
3α2∆T 6
+
7
120α4∆T 4
]
+O[∆T−2] , (4.15a)
[NTˆ Tˆ Tˆ ′Tˆ ′(x, x
′)]series =
1
pi4
[
B4
4∆ρ8
− (B − 1)B
3
ρ∆ρ7
+
(5− 6B)B2
4α2∆ρ6
+
(2B2 − 3B + 1)B
2α2ρ∆ρ5
+
8B2 − 8B + 1
32α4∆ρ4
]
+O[∆ρ−3] . (4.15b)
In [19], we considered thermal states in which κ ≡ T/2pi was left arbitrary. However,
the natural choice of state in Schwarzschild spacetime is the Hartle-Hawking state [32], for
which κ = 1/4M , since only in this state does the stress-energy tensor remain finite at the
horizon; for all other thermal states, including the zero-temperature Boulware state [36],
the stress-energy tensor diverges badly at r = 2M . We may compare the above expressions
with those of [19] by setting κ = 1/4M and taking B → f = 1 − 2M/r and α → 1/κ. In
general, we find that although the coefficients at each order are different, the general form
of the expansion is the same. In addition, for time separations we find that to leading order
in powers of 1/f the two expressions are identical. For radial separations, the situation
is slightly different; in the near horizon limit the only surviving term is proportional to
κ4/∆r4 for Schwarzschild and 1/α4∆ρ4 for de Sitter. Thus, the expressions are equal up
to a rescaling of ∆ρ. This suggests that the behavior of the full noise kernel in de Sitter
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space can tell us something significant about the behavior of the full noise kernel in the near
horizon region in Schwarzschild and provides evidence for our conjecture that the validity of
the short distance expansion for the two metrics should be similar (at least for separations
in the time or radial directions).
In [19], we noted that we expected the quasi-local expansion to be valid when the geodesic
distance was small in comparison to the mass scale of the black hole in the region near
the horizon. For de Sitter space, the corresponding distance scale is given by the Hubble
parameter α. To investigate the range of validity of the expressions above, we compute
the relative error between the exact expression for the noise kernel and the truncated series
expansions, ∣∣∣∣ [NTˆ Tˆ Tˆ ′Tˆ ′(x, x′)]seriesNTˆ Tˆ Tˆ ′Tˆ ′(x, x′) − 1
∣∣∣∣ . (4.16)
For the purposes of our investigation, we define the region of validity to be the region within
which the relative error is less than 10%.
When the points are separated in time, we find that the error between the truncated series
and the exact expression for static de Sitter space is approximately 10% when |∆T | ≈ 1.5α
(see Fig. 1). This result is independent of the distance between the two points and the
horizon, as can be seen by inspection of Eqs. (4.14a) and (4.15a). For radial separation, the
situation is somewhat different. Unlike in Schwarzschild spacetime, where we are interested
in points outside the event horizon, in the static de Sitter case we are interested in the
region inside the cosmological horizon; thus, the radial separation can never be larger than
α without one point crossing the horizon or the origin. What we find is that the error
remains small so long as both points are sufficiently far from the horizon. As either point
nears the cosmological horizon, we find that region of validity scales roughly linearly with
the distance from the horizon. Figures 2 - 3 illustrate this behavior.
In contrast with the cases of time and radial separation, this type of analysis fails when
the points are separated in only the angular direction. The reason for this is that when we
expand Eq. (4.11a) in powers of 1/η with ∆T = ∆ρ = 0, we find that the resulting series
contains only terms up to order O[(x− x′)−4] and thus provides an exact expression for the
noise kernel. Explicitly, we find
[NTˆ Tˆ Tˆ ′Tˆ ′(x, x
′)]series = − 1
128pi4η6ρ8
− 1
64pi4η5ρ8
+
1
128pi4η4ρ8
= NTˆ Tˆ Tˆ ′Tˆ ′(x, x
′) . (4.17)
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FIG. 1: This figure shows the relative error in Eq. (4.16) due to separation in T , with ∆ρ = γ = 0.
This error is independent of the distance from either point to the cosmological horizon.
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FIG. 2: This figure shows the relative error in Eq. (4.16) due to changes in ρ for ρ′ = 0.99α (solid
line), 0.95α (long dashes), 0.75α (medium dashes), and 0.25α (short dashes) with ∆T = γ = 0.
On this scale, ρ/α = 1 marks the cosmological horizon.
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FIG. 3: This figure shows the relative error in Eq. (4.16) due to fixed radial separations of ∆ρ = 0.1α
as both points near the horizon, with ∆T = γ = 0. On this scale, ρ/α = 1 marks the cosmological
horizon.
However, we suspect that this behavior is a coincidence due to the symmetries present in de
Sitter space and that this result will likely not hold for Schwarzschild spacetime.
V. DISCUSSION
We have computed an expression for the noise kernel for the conformally invariant scalar
field in any metric that is conformal to the full Minkowski metric when the field is in the
conformal vacuum state. While it could be used for other conformally flat metrics, for metrics
which are conformal to Rindler space the Rindler vacuum would be the more natural one to
use. A general form for this expression is shown in Eq. (2.11) when the points are separated
in an arbitrary direction. For null separations, the noise kernel exhibits a δ2(σ) term arising
from the square of the Wightman function; as a result, integrating the noise kernel against
any function which does not vanish on the light cone will result in a δ(0) divergence. The
exact meaning of this divergence is under investigation.
Using the above result, we have computed an exact expression for the noise kernel in the
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conformal vacuum in de Sitter spacetime. Using a short distance expansion and analytically
continuing this expression to the Euclidean sector, we found that Eq. (2.11) agrees with the
expression computed by Osborn and Shore [33] for the two point stress tensor correlator
on S4. We also made a coordinate transformation to the static de Sitter coordinate system
and evaluated the resulting expressions for the noise kernel in an orthonormal frame. All
components have been computed for an arbitrary separation of the points. However, for
brevity only two components are displayed in Eq. (4.11) for the case when the points are
spacelike or timelike separated. The expressions are extremely long if the delta function
terms, which only contribute if there is a null separation, are included.
Investigating these expressions in the region near the cosmological horizon, we found
that all components of the noise kernel remained finite so long as the points are not null-
separated. However, since T is a null coordinate at the horizon, ∆T is ill defined when
one or both points are on the horizon; thus, we are restricted to cases where the points are
arbitrarily close to but not on the horizon.
Since the metric for the static de Sitter coordinates is similar in form to the metric for
Schwarzschild spacetime, with the event horizon replaced by the cosmological horizon for
observers at the origin, it is expected that the behavior of the noise kernel near the cosmo-
logical horizon in the static de Sitter coordinates should be similar to the behavior of the
noise kernel near the event horizon in Schwarzschild spacetime where only an approximate
solution has been obtained [19]. In the static de Sitter coordinate system, the state we use
is equivalent to a Gibbons-Hawking state [37] with κ = 1/4α; as a result, the noise kernel
for this state may be compared with the noise kernel for Schwarzschild spacetime when the
field is in the Hartle-Hawking state [32], with the Hubble distance α playing the role of the
mass M . Thus, Eq. (4.11) may be compared directly with the approximate expression for
the noise kernel in Schwarzschild spacetime obtained in [19], where an expansion in terms
of inverse powers of the geodesic separation was used. To do this, we obtained a similar ex-
pression for the noise kernel for the static de Sitter coordinates by expanding the expression
for the NTˆ Tˆ Tˆ ′Tˆ ′ component in Eq. (4.11a) in powers of ∆T and ∆ρ. As expected, we found
that the leading order behaviors of both expansions are identical, and that the remaining
orders are similar in form, although the coefficients are different.
It is also of interest to investigate the range of validity of the quasi-local approximation
used in [19]. To do so, we compared the exact result for the noise kernel computed in the
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static de Sitter coordinates with the truncated series expansion. In general, we found that
the quasi-local approximation remains valid for time separations smaller than the Hubble
distance α, and found an error of approximately 10% when ∆T ≈ 1.5α. For radial sep-
arations, we are restricted to separations no greater than α. We found that the relative
error remains small so long as both points are sufficiently far from the cosmological horizon,
but goes to infinity as either point approaches the horizon. When both points are near the
horizon, we find that the region of validity scales roughly linearly with the distance between
the point nearest the horizon and the horizon itself. Finally, for angular separations, we find
that the expression generated by the expansion procedure is equal to the exact expression if
all three terms are kept; however, we suspect that this result is an artifact of the symmetry
of de Sitter space and will not hold in Schwarzschild spacetime.
From these results, we expect the quasi-local approximation used in [19] to be valid when
the separation of the points is less than the mass scale, so long as neither point is too near
the horizon. In addition, we expect for radial separations that the range of validity should
scale roughly linearly with distance from the horizon. Finally, if one or both points are
on the horizon, we expect the quasi-local approximation to be invalid; however, based on
our results in static de Sitter space we expect that the exact noise kernel for Schwarzschild
spacetime will remain finite on the horizon so long as the two points are not null-separated.
The comparison made here between the noise kernel in static de Sitter spacetime with
respect to the Gibbons-Hawking vacuum and that in the Schwarzschild spacetime with
respect to the Hartle-Hawking vacuum, both in the near-horizon region, is useful for a study
of the backreaction of Hawking radiation on a quasi-static black holes enclosed in a box and
the behavior of the quantum field-induced metric fluctuations via the Einstein-Langevin
equation. It is our hope to explore further along this direction in subsequent papers.
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